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Vector Analysis

Example (1):

- i o 2
If R(t)=sinti+costj+tk  find IR ddRz(t).

t

Solution:
M=i(sinti+cost]+E)=costi—sint]+E

dt dt

dR(t)

\/cos t+(— smt) +1=2

dZﬁ(t)_dcost- d(=sint)

(1)k =—sint i —cost j

di2  dt dt
o=
" d R2(t) =\j(—sint)2+(—cost)2 =1
dt
Example (2):
If A=5t%i+tj—t3k, B =sint i +cost j

. d—~= od ~ = N -
Find (I)E(AB) (")E(AXB) (IH)E(AA)'
Solution:

(i) (AB)=(5t? i+t j—t3 k).(sint i+cost j)=5t2sint +tcost

~d(A.B)
o dt

d . ) .
= —t(5t25|nt +tcost)=5t2cost +10t sint +t(—sint)+ cost

i i K
(i) AxB=[5t> t —t3|=t3costi—t3sint j+(5t%cost—tsint)k
sint cost O

(1)
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%(Kx B)= %[tg’cost i—t3sint j+ (5t%cost —tsint)k]
= (~t3sint + 3t cost)i — (t cost + 3t%sint) j
+(=5t2sint + 10 tcost — tcost —sint)k
(i) AA=(5t% i+t j—t3k).(5t% i+t j—t3 k)=25t* +t2 +t°
%(Z.K) =100t3 + 2t? + 6t°

Example (3)

If A=(2x%y—xi+(xy®—sinx)j+(xcosy)k Find

0A OA 0°A 0°A A

aX ) ay ) aXZ ) ayz ) ayax’
Solution:
2—:‘ i[(2x y — X )|+(xy —smx)1+(xcosy)k]
=a_x(2X y— X )i+a—x(xy —sinx)j+a—x(xcosy)E
= (4xy —4x3)i + (y® —cos x) j + (cos y)k
oA =£[(2x2y—x4)i+(xy3—sinx)]+(xcosy)E]
oy oy
a 2 A7 a 3 . - a T
=—(2x°y = Xx")i+—(xy” —sin x) j + —(xcos y)k
oy oy oy
= (2x2)i + (3xy?) j + (= xsin y)k
d°A
———(— )_—[(4xy —4x3)i +(y 3 =cosx)j +(cosy k]
Ox 2 6X OX
=—(4xy —4x3)i_+—(y 3 —cosx)j_+—(cosy )k = (4y —12x2)i +(sinx)j
OX OX
’°A 0,0 —
——=—(=A)= —[(2X )i+ (3xy®) j + (= xsin y)K]
oy> oy oy

aay(Zx )i + ay(3xy2)]+5(—xsin y)k = (6xy )j+ (=xcos y)k

(2)
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0% A
Oyox 5(6_x )——[(4xy 4x%)i + (y® = cos x) j + (cos y)k]

=5(4xy—4x )i+%(y —cosx)j+—(cos y)k = (4x)i + (3y?)j + (=sin y)k.

0% A
oy a_(& =[x+ (339%) ]+ (~xsin YK

= —(2x )i +—(3xy2)]+ —(—xsin y)k = (4x)i +(3y?)j + (-sin y)k.
OX OX OX

The Differential VVector Operator V

The differential vector operator V is a partial differential operator defined in

Cartesianby |V = (ii +2 i+ QE)
OX 0z

oy
From this definition, one can find that
== = 0- O0-— 0
vvVv=V =(—i+—j+—Kk.(—i+—]+—k
( ayJ P )-( PVE R )
o 2 2 2
Vz_az 62 62
ox~ oy~ oz
Example (4):

Find the vector derivative to the scalar function @ = x?yz +4xz? at the point
(1,—2,-1) in the directionr =2i — j— 2k .

Solution
Vé=V(x’yz+4xz%) = a%(xzyz +4xz%) i+ %(xzyz +4xz2°) j+ %(xzyz +4xz%) k

=(2xyz+4z%) i+ X%z j+ (x°y+8xz ) k=8i- j—10k at (1,-2,-1)
The unit vector in the directionr = 2i — j— 2k in the form
H=T=M l(z i— j—2K)

[T Varira 3
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Vo.n=(8i—j— 10E).(§i — %] - %E) = 3—37.Thus vector derivative is

Example (5):

Find The unit vector in the direction normal to x*y +2xz =4 at the point (2,-2,3).

Solution:

Since V ¢ is a normal to the surface ¢ then the unit vector normal to ¢ in the form

V=V (x’y+2x7)= i(x2y+ 2xz)i+£(x2y+ 2xz) j + 2(x2y+ 2xz)k
OX oy 0z

=(2xy+22) i+ X2 j+(2X)K ==2i+4 j+4k at (2,-2,3).

— V¢ —2i+4j+4k -1-. 2- 2-
SN==F= =—i+—j+=k
Vg Va+16+16 3 37 3

Example (6):

=

Find vp where: (i) ¢ = InM (ii) o= and r is the position vector for

=

any point (X, y,z) in the surface ¢.
Solution:
r=Xi+Yyj+zk

.'.m=\/x2+ y%+12°,

Inm = %In(x2 + y2 + 22)

.'Vln‘F‘:?%In(xz +y2+ 22)=%§In(x2+ y2 + 22)

(4)
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=1{iln(x2 +y2+ 22)T+iln(x2 +y2+ 22)]+iln(x2 +y%+ zZ)E}
OX OX

2 [ OX
1 2X - 2y ~ 22 -
=— I+ j+ k
2{x2+y2+z2 x2+y2+z2 x2+y2+22}
=— 12 2(x7+y]+zE)=L2.
XS+ Yy +12 m
-1
1_ 1 =( 2+y2+22)2
r \/’ix2+y2+z2
-1 -3

.V 1-=§(x2 + y2 + 22)7 =—%(x2 + y2 + 22)?§(x2 + y2 + 22)

-3
=_71(x2 +y2+7%)2 [%(XZ +y?+20)i+ i(x2 +y2+ 22)]+%(x2 +y2 +22)K]
1 1 =
Vﬂz%(x2+ y2 +2%) 2 [2Xi + 2y ] + 22K]
r
;3 g - _k’
=—(x°+y?+7%) 2 (Xi+ Y]+ 2K)= —(xi+yj+2K)

3
\/X2+ y2+22)

_ —(Xi+y]j+2zk) _ —r
(\/x2+y2+22)3 MS

Divergence of a Vector:
The divergence of a vector field (div) is a scalar field defined as the limit of the flux

out of a small volume per unit volume as the volume tends to zero, the mathematical

differential formula for div A where A=a,i+a,j+ask inthe form

o0, N oa, N 6a3)
/4

€.Z=(a
X oy O

(5)
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Example (7):

If A=x%zi—2y32%j+xy’zk find V.A.

Solution:

- - A a g a e a g 2 g 3 2_.' 2 —

VA=divA=(—i+— ]+ —k).(X“zIi=-2y°z° |+ xy“z k
(ax ayJ % )-( Y7z j+ xy“z k)

=9 v i(—2y322) +%xyzz =2xz - 6Yy°z° + xy°.

OX oy

Example (8):

If ¢=2x3y%z* find V.Vg.
Solution:
Vo =§(2x3y224)=i(2x3y224ﬁ+ 3(2x3y224)]+ﬁ(szyzz‘l)E
OX oy 0z
=6x°y°z% + 4x3yz* j+ 8x3y?2°k
V§¢=(iﬂ£]+£E).(6x2y2247+4x3y z ]+8x3y223?)
oXx oy o0z

= i6><2)/224 + i4X3y ! §8x3y223 =12xy°z* + 4x32% + 24x3y%22.
OX ay 0z

Example (9):

find v. §ﬁ.where r is the position vector for any point (X, y,z) in the space.
r
Solution:

=3

1
Vo =V + Y2 +72)2 =_7(X2 ry2 4782 V(P +y2+7?)
r

3
=_71(x2 +y24+1%)2 [a%(x2 +y2 22)T+%(x2 +y2+ 22)]+%(x2 +y2+22)K]

(6)
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-3

§ﬁ=—(x +y2+2%) 2[2Xi + 2V ] + 22K]
r
=—(x*+y*+ 22)_23(XT+ yj+zk)= ~(xi+yj+ ZES) = i
(x2+y2+22)E M
; 6.[$ﬁj= # Where  V.(¢ A)=(V@).A+¢(V.A)
r
Let¢=%, A=r then we have
r
A 2= JNLENEE R S S A B )
I ik il

=—3‘r ‘5F.r—3‘r‘3=0

Curl of a Vector

The mathematical differential formula for curl A where A=a,i+a,j+ask is

i j k
%xﬂzi i iz(%_%)ﬂ_(&_aﬁ)iﬂaﬁ_%)ﬁ
oX oy o0z oy oz 0z 0OX oxX oy
4 a, 83
Example (10):
If A=x?yi—2xz j+2yz K Find Vx(VxA)
Solution
i ik
(6xﬂ)=[(£7+£]+gE)x(xzyT—sz]+2yzE)]=i C
ox oy oz OX oy oz
x2y —2X72 2Vyz

(7)
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0 i1l 21— 2 v 10 (223 — 2 (32K = T 2490 k

(2yz) 62( 2XZ)]I+[62(X y) 6x(2yz)]J+[6x( 2X2) 6y(x V)k=(2x+2z) i—(x“+2z) k
i i K

TR Ixlex 2T (eRl=| 2 2 2oy

S Vx(Vx A)=Vx[(2x+22) i — (X +2z) K] o oy P (2x+2)]

2xXx+2z O —(x2 +22)

Example (11):

— —

If F=x%yz i+xyz j—xyz? K Find div F, curl F
Solution:
divE-v.F=91,% 0oF
oxX oy 0z
0

——(x2 )+—(xyz)+—( xy22)=2xyz+ XZ—2XYZ= XZ

{5855

{3t 2o {2 2 - S]
~[(7)- i+ () ()i - ()

=(—xz2—xy)7+(x y+yz) (yz )E

Example (12):

Show that V xVg=0

Solution

G (T4 = x| 274 085, 00
Vx(Vg)=V (6x|+6yj+azk]_

2 Pl -
2/ 2o -
%"g V| =

(8)
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I R R R

2 2.1 2 2.7 2 2,7 .
=a¢_a¢i+ a¢_a¢j+ 09 0% K=0
| 0yoz  0zoy 070X 0X0z OXoy 0yox

Example (13):

Show that V.(Vx A)=0
Proof:

letA=ayi+a,j+a,k

(i) V.(Vx A) = 6’.[(6%T+ %h %E)x(axh a j+a,k)]

S O R o 0% %y~ a, . 0a
SV TxR)= (B2 - Ty (Bx_ Paypy By Oy
oy o oz X ox oy

T+ 05,9 oay - . Oa ~
A SR SR R v T B DY S e Sy S B LSy

oa,
_a_x(E_EH&(E_a_x) 6z(ax E’

2 2
By @ 02 00y o g
axay 0X0Z ayaz Oyox 020X azay

=(

The Integrals of VVector Calculus

This is just a short guide to the many integrals we have defined, indicating how the

computation of each can be reduced to computing single variable integrals. Since

they can also be useful for computations, I have included the statements of Green’s,

Stokes’ and Gauss’ theorems as well.

(9)
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Line integral

Line integrals of VVector Fields:

If Ft)=F, )i +F, t)j +F, )k and r(t)=x(t)i + y(t) ] +z(t)k Then the line
integral of F(t) along the curve C is

IE'd r= J [Fx t)i + Fy (t )j +F, ©)k 1.[dxi +dy j +dz k]

c C

= [Fe@)dx + [ Fy ()dy + [ F, (t)dz
C C C

If C is closed curve then we denote to the integral by ¢ F.dr
C

Physical meaning of line inteqgral:

The line integral of the vector function E(x, y,z) along simple curve C from the

point Py(Xq, y1,21) to the point Po(X5,Y2,z2) represents to the work done by the

force E(x, y, z) along the path joined to Pyj(Xq,Y1,21) and Py(X2,Y2,22).

Example (14):

P2 . . .
Evaluate j F.dr for F(t)=(3x2 + y)i +2y3xj . From the point PR,(0,0) to the
P1

point P,(1,1) in the following paths:

(i) x=t, y=t>.

(i) along the path consisting of the straight lines from (0,0) to (1,0) and from
(1,0) to (1,1).

(iii) the line segment to the points (0,0)and (1,1) .

Solution:

F. dr=(3x?+ y)dx + 2y>xdy

(10)
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Wy
[F@.dr= [ (3x*+y)dx+2y°xdy 1)
C (0,0)

from the equation of the path x=t, y=t?

~dx =dt (2)
dy = 2tdt (3)

at the point (0,0) x=t=0 andat (1,1) we find x =t =1 then the new limit of the

integral from 0 to 1.From (3),(2) in (1)we have:

o
[Fdr= [ (3x*+y)dx+2y°xdy
C (0,0)
1 1 3 49T
= [ GR+)dt+ @Ot = [ @2 +atP)a="2 2| 2 4
t=0 t=0 3 9 0 3 9
(i1) From (0,0) to (1,0)and ending at (1,1) the integral in the form:
@) L)

[F.dr=[ (3x*+y)dx+2y°xdy+ [ (3x°+ y)dx +2y>xdy
C (0,0) (1,0)

(1,0)
Firstintegral [ (3x®+ y)dx+2y>xdy

(0,0)

on the line from (0,0) to (1,0) we have y=0 then dy=0 and x various

from0 to 1
(11)

Second integral [ (3x” + y)dx +2y°xdy
(1,0)

on the line from (1,0) to (1,1) we have x =1 then dx=0 and y various

fromO to 1
@) (L)
S JF.dr= [ (3x%+y)dx+2y°xdy+ [ (3x*+ y)dx+2y°xdy
C (0,0) (1,0)

(11)
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L L 33T 2y* ' 1 3

= [ @x*+0)dx + [ (0+2y°)dy=""| +=2-| =14+2=>

’ ° 3 2 2
x=0 y=0 0

(iii) On the line from (0,0) to (1,1), its equation is y = X

at (0,0) > y=x=0
at 1) =>y=x=1

y=X.c.dy=dx
the integral in the form:
L1
IF dr= _[ (3x +y)dx+2y xdy = j' (3x +x)dx+2x4dx
C (0,0) x=0
1 3 2 57
= | (3x2+x+2x4)dx=3i+x—+zi _141y 2.8
2 3 727 5 10
= 0
o
[F.dr= [ (3x*+y)dx+2y’xdy= _[ (3y2 + y)dy + 2y“dy
C (0,0) y=0
1
j(3y +y+2y )dy—3L y_ 2y _14142.8
o 2" 5 | 10

Example (15):

Find the work done W by the force F =3xyi - 52] +10xk from t=0 to t=1 along
the path C which described by the equation x = t2+1, y= 2t?, 7=t3,
Solution:

the work done W by F given by W = jE. dr
C
W = [F.dr=[(3xyi—5zj+10xk).[dxi+dy j +dzk)= [ 3xy dx—5z dy +10x dz
C C C

From path equation we have

x=t’+1 = dx=2tdt, y=2t> = dy=4tdt, z=t> = dz=3t%t

(12)
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W = [F.dr =] 3xydx — 5zdy + 10xdz
c c

3(t% +1)(2t%)(2t)dt — 5t (4t)dt + 10(t? + 1)(3t*)dt

O ey |2 O Sy |

(12t° + 10t* + 12t + 30t%)dt =17

Example (16):

Evaluate IE-dF form the point (0,0) to the point (1,2) along the curveC:
C

y=2x°where F =3xyi—y?].

Solution:

cr=xi+yj]  odr=dxi+dyj

by using equation of the path we express the integral as a function of x (or y )by

expressing the vector function F as a function of x (or y ) only

2

y=2x"° = dy=4xdx x:0->1

jE. dr = | (3xyi—y2)).[dxi+dyj)
C C

1
3xydx — y2dy = [ 3x(2x?) dx — (2x°)*(4x dx)
0

6x3—16x5)dx=§x4—Ex6 _0_16_18-32 -14_-7
(
4 6 g 4 6 12 12 6

C

1 1
0

Note: We can solve the previous example by using parametric equation. Put x =t
Where t is a parameter ,at the point (0,0) x =t =0, at the point (1,2) x =t =1 and
y= 2x? =2t2,

Substitute in equation (1) by x=t, dx =dt, y=2t? dy =4tdt we get the same result.

(13)
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Example (17):

Evaluate the work done by the force

F=02x—-y+2)i+(x+y—2%)j+@Bx-2y+4z7)k
to moves a body along the circumference of the circle x? + y?> =9 one revolution.
Solution:
z=0 In the plane of the circle then F takes the form
F=02x-y)i+(X+Y)j+@x—-2y)k
the position vector for a point P(x,y ) onthecircleis r=xi+y j
~dr =dxi+dy j
the work W done by the force F given as:

W =[F.dr=[[(2x=y)i+(x+Y)j+(@x—2y)K].[dxi+dy j +OK]
C C
= [ (2x=y)dx+(x+ y)dy.
C

by using parametric equation of the circle
X =3c0s80, y=3sin@
~.dx =-3sin@d 0O, dy =3cos6dO, 0<0<2x
~W =[F.dr=[(2x-y)dx+(x+ y)dy
C C

4
= _[ [2(3cos @) — 3sin@][-3sinA]d @ +[3cos@ + 3sin @][3cosA]da
0

2 9 o
= | (9—9sin0cost9)d0=90—§sin20} — 187
0 0

Note: The path of integration in the previous example is closed. We donate to such

this integral by ¢ F.dr.
C

We consider the integration sign is positive when it is taken as anticlockwise and

negative sign when it is taken as clockwise direction.

(14)
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8. Independence pf the line integral on the path

_ P2 .
For the vector function F If the value of the integral j F .d r independent to the

P1

path which joining the two points p, and p, then the vector field F is called a

conservative vector field.

Theorem(1):
. P2 .
For the vector function F the value of the integral j F.d r independent on the
P1

path thought p;, p, if and only if there exist a single valued scalar function ¢ such
that F =V g.
Theorem (2):

A vector field F is a conservative vector field if and only if curl F =V xF =0

Theorem (3):

P2 .
_[ F.dr is independent of path in a domain D if and only if <j>F. dr =0 for every
o] C

closed path in D.
Definition(3):
A vector field F is called a conservative vector field if there is a scalar function ¢

such that F =V @. Here ¢ is called a scalar potential function of F.
Note: Line integrals of conservative vector fields are independent of path.
Theorem (4):

Let F =P i +Q j be a conservative vector field, where all the partial derivatives are

continuous. Then, a—P=@ in
oy OX

(15)
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Theorem (5):

Let F=P i +Q j_ be a vector fields on an open simply-connected region D.

Suppose that all the partial derivatives are continuous and

a_P = @ in D Then F is conservative.

oy Ox
Example (18):

Show that F =(2xy+2z%)i+x?j+3xz?k is conservative field, find the scalar
potential for this field and find the work done due to move body from (1,-2,1) to

(3,1,4) in this field.

Solution:
i j k
VxE=| © o 04 |-
VxF = a oy P =0
2xy+z3 x? 3xz°

Then the field F is conservative and there exist scalar function ¢ such that F = Vo

thus:

F.dr=Vedr= a—qodx+ a—(ody+ a—(odz= do
OX oy 0z

~.dp=F.dr=2xy+z)dx+ x’dy+3xz°dz
= (2xydx + x2dy) + (23dx + 3xz2dz) = d (x?y) + d (xz®) = d (x®y + xz°%)
Lo=Xly+ x4 ¢ is a constsnt

and the work don in the form:

o P P,
W= [ F.dr= [ (2xy+2°)dx+x%dy+3xz%dz= | dop
Py Py Py

314
= X%y + xz3‘|o2 = X%y + xz3‘( ) =202
pl (11_211)

(16)
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9 - Surface Integrals

9.1 Surface Inteqgrals of Vector Fields:

If F isa continuous vector field on an oriented surface S with unit normal vector n

. Then, the Surface Integrals of F over S is:

[ Fonds (*)

The integral is also called the flux across S.

And dS= % ten |[[Fnos = [[Fn TXO"V
n k.n

Example (19):

Evaluate [[F.ndS where F =18i-12]+3k and Sis the plane
$

2x +3y +6z =12, x>0,y >0,z >0.

Solution:

ijndS ij dXdy

o 640 V(2x+3y+67)

(2| +3] j+ 6k)
Vo \V(zx +3y+ 6z)\ 00.2)
X+327=6 2x+3y+6z=12
2kn=d g OXdy_ rdxdy
T

— - - — - - — 2x +3y=12
F.n=(18i—1zj+3k).%(2i+3j+6k)=§ o

-~ dxdy 18 7dxdy
=(2)
k.n

F.ndS=F.n

= 3 dxdy

(17)
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12-2x 2X

6
HFndS HF n XY [ sdxay = | j 3dxdy—_[(12 2x)dx
‘ ‘ A x=0 y=0 x=0

=12x—x2‘0=72—36=36

10 - Volume integral:

If S isasurface enclosed by the volume V then we define the Volume integral of

the scalar function ¢(x, y,z) over the volume V as:

[[Jo(x,y,2)dV =[] o(x, y,2)dxdydz
v v

and volume integral of the vector function F =F,i+F, j+F,k over the volume

V as:
[[[Fdv =[] (Fxi+Fyj+F,k) dxdydz
Vv \Y;

=i[[[ Fy dxdydz+ j [[[ Fy dxdydz +k [[[ F, dxdydz
v \ v

Example (20):

Evaluate [[[@(x,y,z)dV where g(x,y,z)=45x"y over the region bounded by the
V

planes: x=0, y=0, z=0, 4x+2y+z=8

Solution:

the boundary of the volume can be determined as

following:

4X+2y+2=8

To find the intersection of the volume with
x-axis put y=z=0 in the equation

4xX +2y +z =8 to get the

point (2,0,0).Similarly with X

(18)
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y -axis(put x=z=0) and z -axis (x=y=0) to get (0,4,0),(0,0,8) respectively.
The boundary of the volume can be determined as following:

To find the intersection of the volume with xy -plane put z =0in the equation
4X + 2y +z =28 to get the straight line 2x+ y=4.

Similarly with yz -plane(put x =0) and xz -plane (y =0) see the figure.
X:0—>2,y:0>4-2xand z:0»>8-4x-2y

4-2x 8-4x-2y 4-2x
m(p(x y,z)V = _[ [ [ (45x%y)dzdydx = 45_[ [ x*y[z B==% dxdy
x=0 y=0 z=0 x=0 y=0
2 4-2x 2 4-2x
=45 [ | X2y (8—4x — 2y )dxdy =45 [ | (8x %y —ax3y —2x2%y ?)dxdy
x=0 y=0 x=0 y=0
4-2x 8-4x-2y 2 4-2x
m(p(x y,z)V = j' [ [ @5x%y)dzdydx =45 [ [ x*y[z 152 dxdy
x=0 y=0 z=0 x=0 y=0
2 4-2x 2 4-2x
=45 [ [ x’y(8-4x-2y)dxdy =45 [ [ (8x%y —4x’y —2x°y *)dxdy
x=0 y=0 x=0 y=0

2
_45j [(8x% —4x )——ZL] 5
x=0
3\ (84— 2x) 2(4—2x)

=45j [(8x? - 4x3) ,

x=0

]dx =128

11 - Integral Theorems

11.1- Green's Theorem

Green’s theorem relates line integrals in the plane to double integrals.

Theorem(6):
If C be a positively oriented, piecewise-smooth, simple closed curve in the plane and

let R be the region bounded by C. Suppose F(x,y)=M (x,y)i +N (XY )j isa

(19)
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vector field such that all the partial derivatives of M and N are continuous on an

open region contains R, then

_iON(X,y)  M(X,Y)
iM(x,y)dx+N(x,y)dy_jF{( " o )dxdy

Application:

The formulas to find the area of R : {xdy — ydx
C

applying Green's Theorem on the integral fxdy — ydx

C
M=-y, N=x = a—Mz—l, 6_N=1
oy OX

S M, y)dx + N(x, y)dy = §(—y)dx + xdy
C C

_ ~vdw = [ 2X) _ 2(=Y) _
—i xdy ydx—jRj( p» Y )dxdy—jRIdedy

and [[dxdy = lf xdy — ydx
R 2¢

Example (21):

Verify Green’s theorem for the integral f (xy + y2)dx + x2dy
C

Where C is the closed path consisting of y = X2, y=X.

Calculation of the Line integral
§ M(x,y)dx+ N(x,y)dy Y 4
C 11)
the point of intersection of the two curves y=x 2
y=x2, y=xare (0,0),(11) see the figure. o
00 M

(20)
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s =g (xy+ y?)dx+ x°dy
C

(L,1) (0,0)
= [ (y+y)dx+xidy+ [ (xy+y%)dx+x%dy (1)
(0,0) (L,1)
on y=x> ony=x

Oon y=x?%, dy=2xdx

(11)
[ (xy+ y2)dx + x2dy
(0,0)
on y=x?
1 1 19
=_[(x(x2)+ x*)dx + x2(2x)dx=_[(3x3+x4) dx="> ... (2)
0 0 20
on y=Xx = dx=dy
(0,0) 0 0
[ Oy+ y2)dx + x2dy=_[(x(x)+ x2)dx + xzdx=I3x2dx=—1 .......... (3)
1.1) 1 1
on y=Xx

from (2),(3) in (1)

19 1
I =§(xy+ y2)dX+ X2dy =0 —T=——" oo, A
i(y y°) =25 20 4)

Calculation of the double integral:

ON(X,y) OM(X,y)
‘”( x oy

S
we have M(x,y)=xy+ Y%,  N(X,Yy)=x? then

)dx dy

ON(X,y) _ OMOXY)y o oo — 1.9 (y2y_ O 2
g( T o )dXdy‘{{[ax(X) 5, 0+ YRy

l X 1 2 X
= j I (x—=2y)dydx= I (xy-y°) ‘dex=

x=0 y=x° x=0 x=0

L4 3 1
£ (X" =X )dx=—E....(5)

(21)
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From (4),(5) we find
ON(x,y) _OM(X,y)

1
M (X, y)dx + N (X, y)dy = dxdy = —
i(y)+(y)yjsj(ax ay)y20
Example (22):
(2.1)
Evaluate f (10x4 —2xy3)dx—3x2y2 dy along the path x* —6xy3 :4y2.
(0,0)

Solution:
We note that the path is implicit function then if the integral independent on the path

we chose another path for the integration.

M(X,y)= 10x* - 2xy3, N(X,y)= —3x2y2

a—M=—6y2x a—N=—6y2x
oy OX

oM ON

—=——=-6Xy

oy OX

then the integral independent on the path
we take the straight line which joint to the points (0,0),(2,1) as a new path for the

integration the equation of this path is
1 1
=—X then dy ==dx and
y 2 y 2
(2,1)

[ @ox*—2xy)dx—3x%y?dy
(0,0

2 2 4
- j(10x4 _ox(: x)3jdx “ax?(Ex2tany = J| 22X |dx =60
: 2 277227 80

Example (23):
Find the area enclosed by x =acos®, y=Dbsin®.

(22)
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Solution:

The area A inside closed curve x =x(t),y =y (t) determined by

[Jdxdy = 1

§ xdy — ydx
R 2¢

- X=acosf, y=Dhbsing ~.dx=-asin@d@, dy=Dbcos@dé and

2
A=%fxdy—ydx=%j (acos@)(bcos@)d@ —(bsin@)(—asing)déa
C 0

127[ 2 . 9 2z
=5 | ab(cos“@+sin“@)d@=ab | dO = zab.
0 0

11.2 - Divergence Theorem

The divergence theorem, also known as Gauss’ theorem, relates flux integrals over
closed surfaces to triple integrals over the regions that they contain. Specifically,

Let V be a simple solid region and let S be the boundary surface of V with positive
(outward) orientation. Let F= Fli +F, ] +F5 k be a vector field whose component
Functions has continuous partial derivatives on an open region oV Then

(I VF dV =[] Fn ds

where n is the unit vector to the surface S

Example (24):

Evaluate [[F. n ds where F =4xzi—y* j+yzk and S is the surface the cube
S

bounded by x=0, x=1, y=0,y=1, z=0, z=1
Solution:
By applying divergence theorem

2
VE-= oF; N oF, N oF; _0(4xz) N o(=Yy°) N o(yz)
oXx oy oz OX oy 0z

=4x-y

(23)
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3

11
[[F.nds=[[[V.F dV ={[| (4x-y)dxdydz=] [ [ (4x-y)dxdydz="
V v 0 0 2

S
Example (25):

O = =

verify divergence theorem for the vector field E:4xi—2y2]++zzﬁon the

surface of the cylinder x% + y?>=4,z=0, z=3

Solution:

determination of the volume integral: I, _

GE_OR  OF, 0F;_0(4x)  0a(-2y")  8(z°)

“V.F =4-4y+2z
ox oy oz OX oy 0z

21, =[[[VFdV = || f (4-4y+2z)dzdxdy = [[ (4z-4yz +17%)
v R 2=0 R

xdy=] (21-12y)dxd
Zzoxy—g( -12y)dxdy
using polar co-ordinate to calculate [[ (21-12y )dxdy

R
where R is the circler x* + y* =4

X=rcosd, y=rsing, dxdy=rdrdé

2 2
= [[[V.FdV = [[(21-12y)dxdy = fr(21—12rsin0)rdrd0
\ R 0 0

(21r@ +12r° cos @) @Zo dr

Il
O ==y N

(4270)dr = 2112 | =847 oo i)

Il
O =y N

determination of the surface integral: I ¢_

the closed surface consists of

S, with equation z =0 (lower base)

S, with equation z =3 (upper base)

S, with equation x* + y* =4

(24)
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n=k, z=3 ~F =4xi-2y*j+9k

n=9 = |[ Fnds=9[f ds=9(47)=367 ........ (4)
S S

2 2

_§¢_ 2xT+2y] _E(th])
‘W" Jax2+ay? 2

Parametric equation to S

=

X =2c0s6, y=2sind
SF n=(4xi-2y ]+22E)%(xi+y]):2x2—y3

~ [ Fnds= [[(2x% - y®)ds
S3 Sq

ds=2dzd@

. 27 3 2 _ 3
s ff Fonds= | [[2(2cos@)“ —(2sin@)"]2dzd6
S3 =0 z=0

2 3

= [ [ (16cos®@-16sin°H)dzd@
0=02=0

2z
=3 [ (16cos®*@—-16sin’0)dO=487 ............ 6)
6=0

(25)
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by substituting from (3),(4) and (5) in (2) we get

lg=[f F.nds=0+367+487 =847 .......rcco.om. ©6)
S

We use the following integrals

| c0329d0=j =(1+c0s20)df=—(0+sind) |" ==
0 0 2 2 2

2 2 2
[ sin®6dg= [ sin“@singdg= | (1-cos”@)singdg

0 0 0
2n 2n 1 2n
= _[ sSinQdo — _[ cos20 sin9d9=|:—cos9+—c0s39:| =0
0 0 3 0

11.3 - Stoke's Theorem:

Stokes’ theorem relates line integrals around curves in R®so certain flux integrals.

If F vector field and S is an oriented surface with boundary C given the induced
orientation, then

f Fdr=[] (VxF).nds

C S

Green’s theorem is the special case of Stokes’ theorem in which the surface Sis a

subset of the plane.

Example (26):

Verify Stokes' theorem for the vector field function F= (2x — y)i - yz2 ] — y2 z K

over the surface of the sphere X + y? +z%°=1, z20.
Solution :

The bound of the surface at z=0 is the curve x° + y2 =1 Then F = (2x — y)i and

(26)
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by using parametric equations x=cost, y=sint then dx=-sintdt

The line integral:

2z
¢ F.dr=¢ (2x-y)dx= [ (2cost—sint)(-sint)dt
C C 0
2z 2 1
=j (—Zcostsint+sin2t)dt=j (—Zcostsint+E(1—c032t)jdt
0 0
—cos?t+ St - Lsinat \2”:7: ................ (22)
2 4 0

The surface integral:

First we find V x F as following

i ik
VxF=| 2 9 9%
OX oy 0z
2x—y —yz° —y%z

~f[ (vxF)nds=[[ k.nds=|[ dxdy=r
S S R

where Kk.nds = dxdy and the value of the integral [[ dxdy is the area of the circle
R

x% + y? =1 which is equal z

another method to find [[ dxdy is using polar co-ordinates then

R
1 2« r2 1
[[ dxdy=[ | rdrd0=27z(?) (=7 (23)
R 0 O

From (22),(23) Stokes' theorem is verified.

(27)
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Fourier series

Let us assume that f(x)is a periodic function of period 2z which can represented by
the trigonometric series
f(x)=a,+ Y, (a,cosnx +by,sinnx) (1)

n=1
Given such a function f(x), we want to determine the coefficients a,andb,in the

corresponding series

1 T

B =>— _jﬂ f (x)dx (2)
1 T

an=—j f (x)cosnxdx (3)
ﬂ-—ﬂ'
1% .

b, == [ f(x)sinnxdx (4)
ﬂ-—ﬂ'

Example(1):

Find the Fourier series of the periodic function f(x)where
-k when - x<0

£(x) = < X<
k when O0<x<nx

and f(x)= f(x+2x)

(_1)n—1

Hence find the sum of the series Z (2n—1) .

n=1
Solution:
the graph of the given function as a periodic function with period 2z shown in the
following

1 b4 1 0 b4
ag =5_I,, f(x)dx=g[ [ —kax + kdx}

- 0

0 V4
%[; _dqux}%[—x 0 rx f]=el-atal=0 ()
0

-7

(28)
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tf(x)

v

From (3)
1 /4

an=—_[ f (x)cosnxdx
ﬂ-—ﬂ'

0 V4
=1[I (—k)cosnxdx+j (k)cosnxdx}
7w

gl 0
=1[_—ksinnx ° +Ksinnx \g]
x|l n 7 n
=l[i{sino—sin(—nﬂ)}+E{Sin(ﬂﬂ')—SinO}:l=0
[ n n

and from (4)

(i)

1 b 4 1 0 V.4
bn=—j f(x)sinnxdx = = j (—k)sinnxdx+I (k)sin nxdx
ﬂ.—ﬂ' 7 - 0

1k 0 Kk V4
==|—cosnx |__——cosnx |
z|Ln on

- %[{coso — cos(nz)} —{cos(nz) — cos 0}]

2k 2k n
= %[coso —cos(nzr]= E[l -(-1) J

0 for niseven

2k
b ={1-(-)"|=
n rm[ =1 ] ﬁfornisodd
zn
Hence b2n_l=L, n=123,.. (iii)
2n-1)x

(29)
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b1=ﬁ,b3=4k
T 3z

4k

o=

55’

Substitute from (i),(ii) and (iii)in (1)

< 4k .
f(x)=nz=:l msm(Zn—l)x

and the partial sums are

S, = ﬁsin X,
/4

S, = ﬁ[sin X+
T

Sy= ﬁ[sin X+
T

(30)

0

- -2 -1
-5

-10

\_/ _k
Esin?,x},
3
_ s,
N\
-7 o -1 ) 1\/
\/ V 7_k

1sin3x+ 1sin5x
3 5
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10

83
5 F
_ ,,V%@@W%@X o
M ”_k
10

Assuming that f(x) is the sum of the series and setting x =§ we have

T 4k oo m & ak(E)T
G —k—nZ_ll (2n—1)z " Dz‘ﬂé 2n-1)z
0 (_1)n—l_£
ngl (2n-1) 4

5. Even and odd functions:

6.1. Fourier cosine series
The Fourier series of an even function f(t) having period

2T is a Fourier cosine series in the form.

o0
f(t)=ap+ Q. ay cosr_]r—”t (10)
n=1
With coefficients
1T
ag==—| f(t)at (11)
T
0
2T Nzt
a,=—| f(t)cos—dt, n=1,2,3,... 12
=7 { (t)cos— (12)

Since the function f(t)is even then f(t)sinnTmis an odd function hence

]
by==[ f)sindt=0, ¥n=123,..
T T

(31)
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6.2. Fourier sin series
The Fourier series of an odd function f(t) having period 2T is a Fourier sine

series in the form.

= . N
f(t)=)) b,sin—t 13
(t) E nSIN (13)
With coefficients
2T Nzt
b,=—| f(t)sin—dt, n=1,2,3,... 14
=7 { (t)sin— (14)

.

Since the function f(t)is odd then a, =_|£_J‘ f(t)dt=0 and f(t)cosnTmis an odd
0

function hence

-
an=_|£_f f(t)cosn?”tdt=0, vn=1,2,3,...
0

Example(4):

Find the Fourier series of the function

f(xX)=x when —z<x<z and f(x)=f(x+2x).

Solution:

Since the function is an odd then the it be represented as Fourier sine series

f(x)=)_b,sinnx
n=1

»
>

2% 2%
bn=—f f (x)sinnx dx=—I xsinnx dx
%0 70

2[ COS NX sinnxTr 2[—7zcosnn} 2
=2l —x + AV

_ 4/ 1\n+l
2 n - ( 1)

(32)
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0 o0 (_1)n+1
o F(X)=D bpsinnx =2)" sinnx
n=1 n=1 n

=2|sin x—lsin2x+lsin3x—lsin4x+
2 3 4

2&1

Complex Variable

Example (1):

Show that the function f(x) = z3satisfy Cauchy Riemann Equations hence deduce

f'(z)
Solution:
We note that

f(2)=23=(x+iy)® =(x> = 3xy?)+i(3x°y — y°)

u(x,y)=x3—3xy2, v(x,y)=3x2y—y3
uX=3x2—3y2, Vy =6Xy

uy=—6xy, Vy=3X2—3y2
LU=V, Uy ==V,

Then Cauchy Riemann equations are satisfied and

(33)
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f'(z)=u, +iv, =3x* - 3y? +i(6xy)
= 3[(x? = y?)+i(2xy)] = 3(x + iy)? = 32°
Example (2):

Show that the function u=e*sin yis harmonic function and find the function v such
that f =u+ iv satisfy Cauchy-Riemann equations.

Solution:

X - ou . 2y .
u=e”siny —_=e’siny, —=e"siny
OX OX

ou o°u X -
~ =e’cosy, —=-e7siny
oy oy

2 2
a—lzj+a—l2]=exsin y—eXsiny=0
oxX- oy
so that u is harmonic now we obtain the function v such that u and v satisfies the
equations

..Ou ov ... ou ov
(o =~ (i) =—"r

oX oy oy OX

integrate (i) with respect to y we have
v=j2—)l: dy+ f(x)=[e*sinydy+ f(x)=—e*cosy+ f(x)

where f(Xx) is the integration constant

to determine f(x) we use (ii) as follows

@=—excosy+ f’(x)=—a—u=—eXCOSy

OX oy

- f'=0= f(x)=C (pure arbitrary constant)

Hence v=-e*cosy+C and

f(z)=u+iv=e”siny—ie*cosy+C =—ie*(cosy+isiny)+C =—ie’ +C

where C is an arbitrary constant.
(34)
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Example (3):

Show that sinz=sinz.

Solution:

sinz=sin(X +1y)

= sin x cos(iy)+ cos x sin(iy) =sin x cosh y + icos x sinh 'y
= sin X cosh y —icos x sinh y =sin x cos(iy) — cos x sin(iy)
=sin(x—iy)=sinz then sinz=sinz

Example (4):

-2 :
Evaluate | z"dz in the following cases
C

(i) Cis the circle |z|=1.
(i) Cis the circle |z—1/=1.
Solution:

(i)  the parametric equation is

. o » N2
z=e" =>dz=ie"dt 0<t<2z and z =(e 't) =2t

9 2r .. 2r . e—it 27 .
2 [2fdz= [ eMietdt=i [ et =il = | =—[e?"-1]=0
C 0 0 =]

(ii) by using the parametric equation of the circle|z —1/=1 we find

z—1=eit :>z=1+eit:>dz=ieitdt, 0<t<2x

z=1+el=1+et=14+¢7"
_ 2 . .
22 =(1+e_'t) —14+20 o2

2 27 it oit it 2r it it
sf2dz= [ (@+2e7" +e7 M) (e dt) =i [ (" +2+e7)dt
C 0 0

it -t 27w _ =27 _
=i|:ef+2t+e—_:| =i|:e 1+47z+e—_1 = 4ri

i —i I
0

(35)
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Example (5):
Evaluate ?:5 Ze_zz dz for any closed contour contains the point z,=2.
Solution:
F@) _ & e f(z)=e’, zy=2and f(z,)=e’
2—2y 1-2

apply Cauchy’s integral Formula <j> f2) dz =27i f(z)
Z—-1
C 0
z
then § ©
cl-

> dz =27 f(2)=2rxie”

Example (6):
23 _

Evaluate <j> © dz where Cis the circle z|=2
27—

Solution:

R

c 22— Z- —|

) .. i
Since > inside the circle |z|=

f(z) _ 22 -6

1i
2-7y z-—3i

then z, = 2i, f(z)=2°-6, f(zo)=(%i)3—6=_§l—6 by using

Cauchy’s integral Formula

<j§ f@) dz—27z| f(z,) then

1 ) ] T )
dz==(2zi) f(i)==—67i
— s 2(77)(2) 3 4

3_
6d2=145z 16
2615

Example (7):

(36)
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2

_ . z°+1
integrate the function g(z) = 2+

on the curve C in the following cases

(i)where is the circle|z-1|=1 (ii) C:|z - %‘ =1
1. : :
(|||)C:z—§|=1‘ (iv) C:|z+i|=1
Solution:
: : , . f(z) . :
Note that the integrant in Cauchy’s integral Formula IS nonanalytic at z=1z2,.
Z-1,

. 2> +1 . : i
In this example 9(z)=— 1|s non-analytic at z=%1 in this case we apply

Cauchy’s integral Formula where the integral curve is a circle contains the points

z=1%1.

2
In the cases (iii) and (iv) g(z)is analytic inside C then g[> ’ +1dz =0

c 2> -1

2 2
z°+1 z°+1
0§ = 24z = > __dz where C is the circle |z— 1| =1which contains

7 +1

the point z, =1then f(z)=
P %0 (2) (z+1

Is analytic within and on C an

1+1

fa)= 0=

=1 hence
)

§ z+l $ C DI+ 4 it (1) = 2n
C

70" (Z—1)
C

(ii) where C is the circle C:

Z+ %‘ = 1which contains the point z, =—1then

72 +1

"=y

,Is analytic inside C and

(37)
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2+1 . (ZP+D)I(z-1) ~
?:5 dz_gf 2+ D) dz=27if (-1) = -27i

Example (8):

Evaluate 43 dz onany contour C contains z=ri.

z—m)2

Solution:

Compare the given integral by (32) we find

f(z)=cosz,
n+1=2,thenn=1
f'(z)=-sinz = f'(zy)=-sinzi=—isinhz
C0SZ : , o :
454dz_[2m(cosz)] __==27i(sinzi)=-2zsinhzx
(Z— Z=rl
Example (9):
4 n,2
Evaluate @LZ:G dz where Cis the circle |z|=
c (z+1)
Solution:
Since z =—i inside the integral curve C then
4 2
@LZ_:G dz=[zi(z*~32°+6)"| _ =7i[122°~6]  =-18xi
C (z + |) Z=—I Z=—I
Example (10):
eZ
Evaluate <j§ dz where Cis the circle |z|=>

(z- 1) (z +4)

Solution:

(38)
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z
IS

Since z=1inside the integral curve C andz =z2i outside C then 2+ 8
7+

analytic inside C and we have

z

z ' Z.,4 _al
§——————dz=27i | — = 2qi| 2 A=z e,
c(z=1)(z°+4) 2°+4) .4 (z°+4) o 2

Example (11):

2
Show that | = 45% dz=" where Cis the circle x*+ y:=4y.
c(z+4) 4
Solution:
C is the circle with center at (0,2i)and radius equal 2 ,since f(z) is analytic
on and inside C then we have
2 /2 _(22/(z+2i)2)_ £(2)
(22 +4)%  (z+2i)*(z-2i)? (z-2i)? (z—2i)?

¢ z%dz - f(2)
L2 +4? {(z-2i)?

dz  from Cauchy formula we have

oy Log f@ 1
He= o (‘f(z—Zi)Z 2= o

JOE[ 659 B X ) (s mer

. -8 1
M= e ~si

o | = 27if'(2i) = 27 (é) _

N

(39)



